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Del in cylindrical and spherical coordinates

This is a list of some vector calculus formulae for working with common curvilinear coordinate systems.
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Notes

= This article uses the standard notation I1SO 80000-2, which supersedes ISO 31-11, for spherical coordinates (other sources may reverse the definitions of 8 and ¢):

= The polar angle is denoted by 6 € [0, ]: it is the angle between the z-axis and the radial vector connecting the origin to the point in question.
= The azimuthal angle is denoted by ¢ € [0, 2n]: it is the angle between the x-axis and the projection of the radial vector onto the xy-plane.

= The function atan2(y, x) can be used instead of the mathematical function arctan(y/x) owing to its domain and image. The classical arctan function has an image of (-1/2, +1/2), whereas
atan2 is defined to have an image of (-, .

Coordinate conversions




Conversion between Cartesian, cylindrical, and spherical coordinates!'!

From
Cartesian Cylindrical Spherical
T =pcosp z =rsinfcosp
Cartesian N/A y = psing y=rsinfsinp
z=2z z=rcosf
P=4 @’ +yf p=rsinf
Cylindrical o= a.rctan(g) N/A =9
z z=rcosf
To 2=z
r=4/a? +yf + 2
r=4/pf+2
. VTP p
Spherical = 6 = arctan — 9 — arctan (_) N/A
z
_ y p=9
= wen(?)

Unit vector conversions

Conversion between unit vectors in Cartesian, cylindrical, and spherical coordinate systems in terms of destination

coordinates!!]

Cartesian Cylindrical Spherical
% =cospp —sinpp | % = sinfcos pf + cosf cos pf — sin pp
Cartesian N/A ¥ =sinpp +cosp@ | § = sinfsin pf + cosfsin ph + cos pp
2=1% % = cos 6F — sin 0
P X +yy
VETE p = sinF + cos 60
Cylindrical | ,  —yX+zy N/A ¢=9¢
[ y— x » & s
Nz % = cos OFf — sin 06
Z=1%
. TX+yy+22
r= —— N p+ 2z
VETFEF 2 i LT
6 (:i+yy)z—(:z+y’)i vVFE +f
Spherical = 5 2P —p N/A
VT + 2P o_ﬁ
p= B2 o=¢
VEEYE




Conversion between unit vectors in Cartesian, cylindrical, and spherical coordinate systems in terms of source coordinates

Cartesian Cylindrical Spherical
z (\/a:"’ +y2i'+zé) —y/2? + o + 2P
. _ TP x= 2 = -
x-z—y2 Vet +y? /2t +y? + 2
vz + . ~ .
Cartesian N/A = yp+ap = y(\/zi+?t+ﬁ)+z,/:i+?+zi¢
Vaz+y? VTR + 22
R V]
F= Y- °
Var+y? + 22
b= Pt + 20
p = cos pX + sin gy ViE+ 22
Cylindrical | ¢ = —sin X + cos py N/A p=¢
i=3 . b —pb
5=
\/;5 + 22
T = sinf (cos X + sinpy) + cosfz | F =sinhp + cosfz
Spherical | 6 = cosf(cos % + sin gF) — sin6z | O = cosfp — sin 6z N/A
@ = —sinpX + cos py p=¢

Del formula




Table with the del operator in cartesian, cylindrical and spherical coordinates

Of Cartesian 3,2 Cylindrical ®,0,2) Spherical coordinates (r, 0, ¢), where @ is the polar angle and ¢ is the azimuthal angle®
Vecu:ﬁeld Ax+ A+ Az Ap+A,p+As Af+ AgD + A0
Gradient of . of_  Of of . 10f  of. of. 108f, 1 0f
7 o et ETLA Y AR o T T o6 om0 op
Divergence % ﬁ % 1 9 (p4,) 1 % % 10 (7‘2:44-) 1 9 . 1 04,
V. Al % oy T e v o Tpop " os 7ot remaos Ot Tag 5,
04. 94\, 104, 94\, . . 04 .
( % o: )" (; % w) rsind (@ (A sin6) - w)’
04,  0A.)\ . 84, 84, . 1/ 1 8A, @ .
anvean |+ () (5 -5 ) (g o o400
04, 04\, 1 /8(pAy)  04,\ . 1 (a 04, .
(o %) (o 2 ) o (aoew-)e
i Liad s i li( ﬂ)+iﬂ 2f Li(rzﬂ)Jr 1 i(smgﬂ)Jr S
v{}?/ym o o | 02 2o \Pp) T 2o T2 2o\ or) 50 00\"""96) " 125l g 07
) A, 2 04, | (var 24, 2 0O(4psing) 2 3A¢>i
v Ap—p—g-?w p 2 r2sind 00 r2sinf Op
Vector A R
Laplacian VEA %+ V2A  + V2 A2 " A, 2 04,\ | + (V2 __ A + 204, 20—0503_<p)a
V2A = AAR) Vidy——+—5—— )¢ r2sin®@ 12 00  r2sin’@ Op
R A 2 8 2c0s0 2.
+ V24,2 + (v’ S 4 924 4 Bece —A") 5
? r2sin?9  r2sinf dp  r2sin2f Op
0B, A, 0B, 0B, A.B,\ . ( 408 A9B. A 9B M)f
et (Ava—p*ng S i )P Tor T aaA rsind dp Ar \
laterial B t N
derivative®3) | A-VB,%+A-VB,j+A-VB.3 +(Ap"ﬂ Ay 0B, AzaﬂJrﬁ)‘;, +( 9By A 8By Lo 0By  MBr LpTp otV ,
(A-V)B 9  p Oy 9z , or r 89  rsinf dp r r
" (Ap%+i%+&,%)i (40P, M 0By | A OB, AB  ABicotd)
porow i or r 00 rsinf Oy r r it
TensorV - T
(not confuse
with 2nd

order tensor
divergence)




Oy | My 0T\, 10T, 0T, 1 18Ty | cotf 1 0T, 1 .
—_= = (T, — 42 S Ty + L Z(Tw+T,
( oz + Ay + 8z )~ p Op + 0z + p( o = Tov) T 00 r "7 Tsind dp r( o+ Top) | B
T, o7, 0Ty \ . 1 0T, T, 1 t 60 1 Ty T, t 60 -
i Qe A Rl By 4 2 (T +Tpp) g+ —— =2 2 P,
oz Ay 0z p Op 0z P T rsinf dp T
aT, oT,. oT.,)\. T, 1 07T, 10T, 1 0T, T, t 6 .
+<J+ ”’+—“)z ARt T (T + T) | @
oz Ay 0z dp p Op 00 rsinf dp T T
Differential N
displacement dex+dyy+dzz dpp+pdpp+dzz drt+rdf6 +rsinfdp @
aelll
Differential dydzx pdpdzp * sin6dodep #
normal area +dzdzy +dpdz¢ +rsinfdrdp6
ds +dzdyz +pdpdypi +rdrdf¢
Diff tial .
vollu:::'z‘ﬂlf?" dzdydz pdpdpd:z % sin@dr df dp

Aa This page uses @ for the polar angle and ¢ for the azimuthal angle, which is common notation in physics. The source that is used for these formulae uses @ for the azimuthal angle
and ¢ for the polar angle, which is common mathematical notation. In order to get the mathematics formulae, switch 6 and ¢ in the formulae shown in the table above.

Non-trivial calculation rules
1.divgrad f=V-Vf=V3f
2.curlgrad f=V xVf=0
3.divcurlA=V-(VxA)=0

4.curl curl A =V x (V x A) = V(V - A) — V2A (Lagrange's formula for del)

5. V2(fg) = fV2g+2Vf-Vg+gVif

Cartesian derivation

w

—




Frk = I [lov A - dS _ Ag(z +dz)dydz — Ay (z)dydz + Ay(y + dy) dwdz — Ay(y) dwdz + Ay (2 + dz) dedy — A.(z) dedy
T Tay @
84, O0A, 094,
T oz + E + 0z
(curl A). — Tim Jos A-d  A.(y+dy)dz— A.(y)dz+ Ay(2) dy — Ay (2 + d2) dy
Y sne [fsdS dydz
_on_o4,
T oy 0z

The expressions for (curl A), and (curl A), are found in the same way.

Cylindrical derivation

A -dS
i Al

divA = _—
V=0 fffy av

_ Ay(p+dp)(p+dp)dpdz— A,(p)pdddz+ Ay(¢ + do) dpdz — Ay(¢) dpdz+ A (2 + dz) dp (p + dp/2) dp — A:(2) dp(p + dp/2) dd
N pdpdpdz

1064 104 oa,
Tp 8 p 0 bz




" fasA"u

(curlA), = lim
5P 50 ffsds
Ay (2)(p+dp) dp — Ay (2 + d2)(p + dp) dp + A (¢ + dp) dz — A.(¢) dz
B (p+ dp) dedz
_ 04 L 104
0z p 09
(curlA)y = lim Jos A - dt

5650 [lsdS
_ A:(p)dz— A:(p+dp)dz+ Ay(z+dz) dp — A,(2) dp

dpdz

94, + %
dp 0z
fasA"u
curlA), = Lm
( ) st ffsdS
_ Ay(9)dp— Ay (¢ +dg)dp + Ay(p + dp)(p + dp) dg — Ay (p)pdd

pdpdg

104, n 1 0(pAy)

T pdp p O
curl A = (curl A),f + (curl A)4 @ + (curl A), 2

_ (104, 0As\ . (04, B84\ ; 1(0(pAy) 04,
‘(pa¢ az)“(az ap)‘”?( % _a—qs)’

Spherical derivation




E ffavA'ds

divA = ‘I’JE})M—JV
A (r+ d‘;)(r +dr)dé (r + dr)sin0d¢ — A, (r)r ddrsin0de + Ag(0 + db) sin(6 + dO)r dr dp — Ag(0) sin(0)r dr de + Ay (¢ + de)rdr db — Ay(¢)r drdo
= drrdfrsinfdep
_1.9(r*4,) i 1 9(Agsinb) 1 044
r2  Or 7sin @ 06 rsinf 0¢
o JasA-dl Ag(¢)rdh+ As(0 + d)rsin(6 + d6) dp — Ag(¢ + dp)r dd — Ay(6)rsin(6) do
(curlA), = lim = -
PIEENS ffsds rdfrsinfdo
1 0O(Aysin) 1 04
rsin6 96 B rsinOW

(curlA) = lim Jos A-dt _ Ay(r)rsinfdg + A.(¢ + dg) dr — Ay(r + dr)(r + dr) sind¢ — A, (¢) dr

T fdeS drrsinfd¢
1 04, 10(rdy)

= rsind 8 r or

o JosAdl A(0)dr+ Ag(r+dr)(r +dr) d — A, (6 + d6) dr — Ag(r)rdd
(cuﬂA)(’_sl‘hp:o lsds rdrdf
_10(rds) 10A,
T o  r oo




curl A = (curl A), # + (curl A) § + (curl A); ¢ = mlno (W 3;;9) ( 1 94, 6(rA¢))é+%(0(rAa) %)J;

sinf 9 o 08

1
7 \sinf 09 or

Unit vector conversion formula

The unit vector of a coordinate parameter u is defined in such a way that a small positive change in u causes the position vector 7 to change in 4 direction.

Therefore,
o _os,
du ~ Ou

where s is the arc length parameter.

For two sets of coordinate systems u; and v;, according to chain rule,
n or ds ds ds Ov;
dr = —du; = —u;dy; = —v;dv; = —; =
Zaui”‘ Zaw"‘“' ;avj’ i jaijZau, Zzavﬁu,J

Now, we isolate the i** component. For ik, let duz = 0. Then divide on both sides by du; to get:

ﬁﬁ s 8”] s
ou; Bv; Ou;
See also
= Del

Orthogonal coordinates

Curvilinear coordinates
Vector fields in cylindrical and spherical coordinates
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External links

= Maxima Computer Algebra system scripts (http://www.csulb.edu/~woollett/) to generate some of these operators in cylindrical and spherical coordinates.




