


𝐺4 𝐫, 𝑡 ≝ 𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡
− 𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡

𝜌 𝐫, 𝑡 ≝

𝑖=1

𝑁

𝛿 𝐫 − 𝐫𝑖

𝜒4 𝑡 ≝ න
𝑉

𝐺4𝑑𝐫

= න
𝑉

𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡 𝑑𝐫

+න
𝑉

𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝑑𝐫න
𝑉

𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡 𝑑𝐫

= ඵ
𝑉

𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐

+න
𝑉

𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝑑𝐫𝟏න
𝑉

𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟐

= ඵ
𝑉

𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐 + න
𝑉

𝜌 𝐫, 𝑡0 𝜌 𝐫, 𝑡0 + 𝑡 𝑑𝐫

2



• 𝑉
𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐
𝜌 𝐫, 𝑡 ≝ σ𝑖=1

𝑁 𝛿 𝐫 − 𝐫𝑖
▫

𝑉 𝜌 𝐫, 𝑡 𝑑𝐫

𝑉 𝜌 𝑟, 𝑡 𝑑𝑟 = 𝑉 𝜌 𝑟, 𝑡 𝑑𝑟 = 𝑁

𝑉−1 𝑉 𝜌 𝐫, 𝑡 𝑑𝐫 =
𝑁

𝑉
≝ 𝜌

▫ 𝜌 𝐫𝟏, 𝑡0 =
𝜌 𝐫𝟏, 𝑡0 + 𝑡 = 𝜌 𝐫𝟐, 𝑡0 = 𝜌 𝐫𝟐, 𝑡0 + 𝑡 = 1

▫
𝜌 𝐫𝑚, 𝑡0 = 𝜌 𝒓𝑛, 𝑡0 + 𝑡 = 1

▫

𝜌 𝐫𝑖 , 𝑡0 = 𝜌 𝐫𝑗 , 𝑡0 = 1 𝜌 𝐫𝑘 , 𝑡0 + 𝑡 =
𝜌 𝐫𝑙 , 𝑡0 + 𝑡 = 1 𝜌 𝐫𝑖,𝑗 , 𝑡0 𝜌൫
൯

𝐫𝑘,𝑙 , 𝑡0 +
𝑡 = 1



• 𝑉
𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐
𝜌 𝐫, 𝑡 ≝ σ𝑖=1

𝑁 𝛿 𝐫 − 𝐫𝑖
▫

𝑞𝑎 𝐫1 − 𝐫2 ≝ exp −
𝐫1 − 𝐫2

2

2𝑎2

𝑁𝑟1=𝑟2 =

𝑖

𝑁



𝑗>𝑖

𝑁

𝑞𝑎 𝐫𝑖 − 𝐫𝑗

▫



𝑖

𝑁



𝑘

𝑁

𝑞𝑎 𝐫𝑖 𝑡0 − 𝐫𝑘 𝑡0 + 𝑡 

𝑗=𝑖

𝑁



𝑙=𝑘

𝑁

𝑞𝑎 𝐫𝑗 𝑡0 − 𝐫𝑙 𝑡0 + 𝑡 = 𝑄 𝑎, 𝑡0, 𝑡
2



• 𝑉
𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐
𝜌 𝐫, 𝑡 ≝ σ𝑖=1

𝑁 𝛿 𝐫 − 𝐫𝑖

ඵ
𝑉

𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐 = 𝑄 𝑎, 𝑡0, 𝑡
2

•

𝜒4 𝑡 ≝ ඵ
𝑉

𝜌 𝐫𝟏, 𝑡0 𝜌 𝐫𝟏, 𝑡0 + 𝑡 𝜌 𝐫𝟐, 𝑡0 𝜌 𝐫𝟐, 𝑡0 + 𝑡 𝑑𝐫𝟏𝑑𝐫𝟐

+ න
𝑉

𝜌 𝐫, 𝑡0 𝜌 𝐫, 𝑡0 + 𝑡 𝑑𝐫

2

= 𝑄 𝑎, 𝑡0, 𝑡
2 − 𝑄 𝑎, 𝑡0, 𝑡

2



•

𝐹 𝑘, 𝑡 ≝
1

𝑁
𝜌𝐤 𝑡0 𝜌−𝐤 𝑡0 + 𝑡

=
1

𝑁


𝑖

𝑁



𝑗

𝑁

exp 𝕚𝐤 ∙ 𝐫𝑗 𝑡0 + 𝑡 − 𝐫𝑖 𝑡0

•

𝑄 𝑎, 𝑡 ≝

𝑖

𝑁



𝑗

𝑁

exp −
𝐫𝑗 𝑡0 + 𝑡 − 𝐫𝑖 𝑡0

2

2𝑎2

•
 𝐫𝑗 𝑡0 + 𝑡 − 𝐫𝑖 𝑡0

𝜒4 ≝ 𝐹 𝐤, 𝑡 2 − 𝐹 𝐤, 𝑡 2



• 𝑄 𝑎, 𝑡0, 𝑡 = σ𝑖
𝑁σ𝑘

𝑁 𝑞𝑎 𝐫𝑖 𝑡0 − 𝐫𝑘 𝑡0 + 𝑡

𝑄s 𝑎, 𝑡0, 𝑡 = 

𝑖

𝑁

𝑞𝑎 𝐫𝑖 𝑡0 − 𝐫𝑖 𝑡0 + 𝑡

=

𝑖

𝑁

𝑞𝑎 Δ𝐫𝑖 𝑡0, 𝑡

𝜒4
s ≝ 𝑄s

2
− 𝑄𝑠 2

•



•



• 𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡

▫

න
𝑉

𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌 𝐫𝟎 + 𝐫, 𝑡0 + 𝑡 𝑑𝐫𝟎

▫
𝜌 𝐫𝑚, 𝑡0 = 𝜌 𝒓𝑛, 𝑡0 + 𝑡 = 1

▫

𝜌 𝐫𝑖 , 𝑡0 = 𝜌 𝐫𝑗 , 𝑡0 = 1 𝜌 𝐫𝑘 , 𝑡0 + 𝑡 =
𝜌 𝐫𝑙 , 𝑡0 + 𝑡 = 1 𝜌 𝐫𝑖,𝑗 , 𝑡0 𝜌൫
൯

𝐫𝑘,𝑙 , 𝑡0 +
𝑡 = 1

▫

▫



𝑖

𝑁𝑏



𝑘

𝑁𝑏

𝑞𝑎 𝐫𝑖 𝑡0 − 𝐫𝑘 𝑡0 + 𝑡 

𝑗=𝑖

𝑁𝑏



𝑙=𝑘

𝑁𝑏

𝑞𝑎 𝐫𝑗 𝑡0 − 𝐫𝑙 𝑡0 + 𝑡

= 𝑄 𝑎; 𝐫𝑏, 𝑡0, 𝑡
2



• 𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 ۦ
ۧ

𝜌 𝐫𝟎 + 𝐫, 𝑡0 𝜌ሺ
ሻ

𝐫𝟎 +
𝐫, 𝑡0 + 𝑡

▫

𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 = න
𝑉

𝑑𝐫𝟎𝜌 𝐫𝟎, 𝑡0 𝜌 𝐫𝟎, 𝑡0 + 𝑡 = 𝑄𝑠

•

▫
𝐺4 𝑎; 𝐫𝑏 , 𝑡 = 𝑄 𝑎; 𝐫𝑏 , 𝑡0 , 𝑡

2 − 𝑄𝑠 2

▫



•

•

•

•


