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Calculation of 4-point functions



Definitions

The 4-point correlation function:
G4(r,t) = (p(rg, to)p(ro, to + t)p(rg + 1, ) p(xg + 1,y + 1))
—(p(rg, to)p(ro, to + OXp(rg + 1, ty)p(rg + 1.ty + t))
where <...> denotes ensemble average, and the density field

N
p(r,£) & Z 5(r—r,)
i=1
The 4-point susceptibility:
Xa(t) & f G,dr
v
= f (p(ro, to)p(ro, to + t)p(rg + 1, t0)p(rg + 1,0 + t))dr
v
+J (p(rp, to)p(ry, ty + t))drf (p(rg +r1,ty)p(reg + 1.ty + t))dr
v %
— ||| e todptrs o + O t)prn o + Dy,
%4

+J (p(ry, to)p(ry, to + t))dl‘1j (p(rg, to)p(ra, to + t))dr,
% v

2
< j o(r, to)p(r, £y + t)dr>]
V

- < j f 0 (r1, t)p(ra, to + Dp(Ea, t)p (K, o + t)drldrz> +
vV



Calculation of y,(t)

» Calculation of the integral [, p(ry, to)p(ry, to + £)p(ry, to)p(rz, to + t)drydr, by
the definition of density field p(r,t) & ¥ . 6(r — ry)
= For a set of N particles in volume V with positionsr, i=1, 2, ..., N, by definition, p(r, t) = 1
forr=r;and 0 otherwise. So fv p(r, t)dr is equivalent to counting all particles, i.e.

fv p(r,t)dr = <fv p(r, t)dr> = N for canonical ensemble, and the volume average of
the density field V=1 [ p(r,t)dr = & p, the bulk density.

= The problem of the integral is equivalent to counting all instances of p(ry, ty) =
p(ry, to +t) = p(ry, ty) = p(ry, tyg + t) = 1in the volume V.

= Starting from the raw data of particle tracking, we have all positions r,,(t,) and r,(t, + t) of
particles at t, and t, + t, respectively, so that p[r;,, to] = pl[r,, to + t] = 1. Note that
assuming canonical ensemble, the set of particles of t, and t, + t should be the same, som
=n=N.

= Find all distinct pairs from the N positions r,(t,) (C,?) into [r(t,), r,(to)]. Do the same thing to
Fa(to + 1) into [r(t, + 1), 1ty + 1)], so that p(ry, t5) = p(1j,t0) = 1, p(ry, to + ) =
p(r;, ty + t) = 1. Note that from the last point, we already have p(r; j, to )=p(Tk1, to +
t) = 1.



Calculation of y,(t)

» Calculation of the integral [, p(ry, to)p(ry, to + £)p(ry, to)p(rz, to + t)drydr, by
the definition of density fleld p(r,t) YN 6(r—-r)

= Now to calculate the above integral we only need to find the overlapping pairs from r,(t,
+ t) and r(t), and also the overlapping pairs from r_,(t, + t) and r_ _{t). The condition of
“overlapping”is described by a Boolean function w(|r,-r,|) so thatw = 1 for r,=r,andw=
0 forr, # r,. In practice, however, no two positions of particles at two space-times can be
mathematically identical. It is only possible to defined an overlap function g (|r,-r,|) that
approaches 1 for r, close enough to r,, and 0 for r, far enough from r,, gauged by a probe

length g, e.g.
(Ir; — 1,|) & ex _M
qalll 21) = €xXp > a2

So counting the instance of overlapping is equivalent to summing the overlapping
function of all distinct pairs of positions (r1, r,), i.e.

Ny =r, —Ez‘h(lrl r]l)

i j>i
o Thelntegrallsequalto

ZZ% ri(to) - rk<to+t)|)zzqa(|r<to> ity +0]) = 0(a,tg,)?

j=i l=k



Calculation of y,(t)

» Calculation of the integral [, p(ry, to)p(ry, to + £)p(ry, to)p(rz, to + t)drydr, by
the definition of density field p(r,t) & ¥V, §(r — r;):

| ottt to + 0ptr 0oz o + Ddmadr, = Qe 0,92
v
* Calculation of x,(t)

x4(t) & f j p(ry, to)p(ry, to + ) p(ra, to) p(ry, to + t)drydr,
vV

2
+ f p(r,to)p(r,to+t)dr>] = (Q(a, ty, t)*) — (Q(a, to, t))*
|4




The function Q(qg, t) and F(k, t)

» The intermediate scattering function F(k, t) is

1
F(k, t}% defNJ—V (P (to) p—k(to + t))

- NZ Z fexp ik (5t + 0 = (e

» The overlap function Q(q, t) is

a3 o] 0]

* So Q(a, t) is similar to the inverse Fourier transform of F(k, t) with a ~ |k|", having
the same property that Q or F > 1 when rj(ty + t) — r;(to) ~a~|k|"and 0
otherwise. For this reason, x,(t) is also defined as

Xa € A(F(k t)*) — (F(k, t))?




The self- and distinct-part of y,(t)

« The summation in Q(a, ty,t) = XF X¥ q.(Ir;(ty) — ri(ty + t)]) does not require
the non-/equality between i and k. Requiring i = k leads to the self-part of x,(t), in
which case,

N
Q%(a, to, t) = Z qa(lr;(to) — 1 (to + 6))

L' N
— z a (Ari(tm t))

and y§ & <QSZ> — (Q%)%. In most literatures only the self-part of y,(t) was
calculated.

* The distinct-part is simply calculated by requiring k # i.



The characteristic probe length a’(t)

* a'(1) simply echoes the MSD(1). Only the value of x,(a’, T°) reflects the
correlation strength

3
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Fig. 6: Left: Q.(7) and right: x4,.(7) as a function of probing
length a and delay time 7 for ¢ = 0.8413 < ¢ in a log-log color
plot. The bold line represents 0.61304(7).

Europhys. Lett. 2008, 83 (4), 46003



Calculation of G,(r, t)

* Calculation of the average {p(ry, ty)p(ry, to + t)p(rg + 1r,ty)p(rog + 1, ty + t))
= The average is written as

j 0 (K, t6)p (T, to + Dp(To + T, to)p (Ko + I, tg + )Ty
vV

= Starting from the raw data of particle tracking, we have all positions r,(t,) and r,(t, + t) of
particles at t, and t, + t, respectively, so that p[r,,, to] = p[r,, to + t] = 1. Note that
assuming canonical ensemble, the set of particles of t, and t, + t should be the same, som
=n=N.

= Find all distinct pairs from the N positions r,(t,) (C,?) into [rt,), r,(to)]. Do the same thing to
Fa(to + 1) into [r(t, + 1), 1ty + 1)], so that p(ry, t0) = p(1j,t0) = 1, p(ry, to + ) =
p(r;, ty + t) = 1. Note that from the last point, we already have p(r; , to )=p(Tk 1, to +
t) =1.

= Select distinct pairs from two sequence A, = [r,(t,), r{t,)] and B, = [r,(t, + 1), r/(t, + O)] (pairs

of pairs), where m = C,2. Construct a hlstogram ofn ioms for r=r, —r, for all pairs of pairs
[A, B] (there are C, 2 pairs of pairs). The bins of r are denotedr,, b = 1, 2,...,n

= For the N, pairs of [A, B] belonging to a bin r,, calculate the 4-point averaged overlap
Np Np Np Np

EEqaurl(to) rk<to+t>|>22qa(|r,<to> ity + 6)])

j=il=
- (Q(a, I'p, tO) t) )
which is the value of the initial average forr=r,.



Calculation of G,(r, t)

« Calculation of the averages (p(ry, to)p(rg, to + t)) and (p(ry + 1, ty) p(ry +
r,ty+t))

= The two averages are equal.
(p(ro, to)p(re, to + 1)) = <j drop(rg, to)p(ro, to + 1)) = (Q°)
14

» Calculation of G,(r, t)

= ris discretized into r,, and G, is probe length dependent:
G4(a; I'p, t) — <Q(a, I'p, tO ) t)2> — (QS>2

s For isotropic systems, r, can be replaced by r, = |r,|.
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